, ATTERN RECOGNITION
~ _AND M-A,CJ'HNE LEARN|NG

CHAPIE&:L,INT&ODHGH

Example

Handwritten Digit Recognition

o\ /]4®Y
Sl bl|7]12 A
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Polynomial Curve Fitting

o —xq\\ |

o-o 0\ ° 7
N -/

I S ]

0 1

T

M
ylz, W) = wg + unx + '{l'-g;'l,'z +...+ 'u'M:z:"\'; = Z 'u.‘j;vj
Ji=0

Sum-of-Squares Error Function

[

N
= 15 o) o

n=1

5/17/2012



5/17/2012

0t Order Polynomial

15t Order Polynomial




34 Order Polynomial

9th Order Polynomial
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Over-fitting

—©— Training
—e— Test

0 3w 6

Root-Mean-Square (RMS) Error: Epys = +/2E(w*)/N

9

Polynomial Coefficients

M=0 M=1 M=3 M=9
wy | 019 082 0.3 0.35
w} 127 7.99 232.37
wh 2543  -5321.83
w} 17.37  48568.31
w} -231639.30
wt 640042.26
wy ~1061800.52
wk 1042400.18
w} _557682.99
wh 125201.43

5/17/2012



Data Set Size: N =15

9th Order Polynomial

0r

Data Set Size: N =100

9th Order Polynomial

0r

N =100 A

5/17/2012



Regularization

Penalize large coefficient values

N
- 1 ¥ ;’; R 2
Ew) = 53 {u(wnw) —ta}” 4 5wl
w=1

Regularization: ni = 18

5/17/2012
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Regularization: nA =0

Regularization: Egxms VS. InA

1
Training
Test
w
Z 05 1
= /
O / L L L
=35 =30 In A =25 =20
n




Polynomial Coefficients

InA=-00 InA=-18 InA=0
wh 0.35 0.35 0.13
w? 232.37 474 0.05
wh -5321.83 077 -0.06
wi | 48568.31 3197  -0.05
wy | -231639.30 389  -0.03
ws | 64004226 5528  -0.02
wh | -1061800.52 4132 -0.01
wi | 1042400.18 4595  -0.00
wi | -557682.99 -91.53 0.00
wy | 125201.43 72.68 0.01

Probability Theory

Apples and Oranges

OO
00O
00O
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Probability Theory
¢
~
Marginal Probability
Yi g } T X =m)= j’%
T
Joint Probability Conditional Probability
P‘IX:%Y:;E&):% Pii’:?szlff:xf}:%
Probability Theory
¢
~
Sum Rule
Yy 44 } T G 1 =
J J J g}(i=$i)=§=§;ﬂij
L
T = E?Uf =, Y =yj)
=1
Product Rule
. V=g — Hi_ i O
P(X - :r?':y - yj} - j‘;r - C% .{‘;'
= plY = 5| X = x:)p(X = ;)




The Rules of Probability

Sum Rule HX)=Y p(X.Y)
=

Product Rule p(X,Y) = p(Y|X)p(X)

Bayes’ Theorem

p(X[Y)p(Y)

p(YX) = 2(X)

PX) =3 pXIV)p(Y)
=

posterior o likelihood x prior

5/17/2012
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Probability Densities

4

dx z

Transformed Densities

|
dy

= pulaly) &' (w)]

p(y) = puf2)

” 10

5/17/2012
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Slide 24

JFEMS5  This figure was taken from Solution 1.4 in the web-edition of the solutions manual for PRML, available
at http://research.microsoft.com/~cmbishop/PRML. A more thorough explanation of what the figure

shows is provided in the text of the solution.
Markus Svensén, 11/14/2007



Expectations
Elf] = ¥ o) fx) E(f] - f p(x)f(x) dz
Ef [fl?] _ ﬂ#{*lﬁ)f{sﬂ) :Idc;:cdri;c;?al Expectation
L N Approximate Expectation
Elﬂ = E z f{xa} (discrete and continuous)

Variances and Covariances

varlf] — E |(f(2) ~E[f()])°] - E[/(@)’] - Elf @)

oovlz.y] = E.yl[{z —Elx]}{v —E}
= Eryloy] —ER]E[|
cov[x,y] = Exy [(x—EpJHy" —Ely"]}]

= Exyby"] —EXEy"]

5/17/2012
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The Gaussian Distribution

N (@], o) = mm{—%w—ﬁf}

Al o) N{z|p,a?) >0

[m N(2p.o®) de=1

0

.‘.I

Gaussian Mean and Variance

Elx] = jm N (zlp,0?)zde =p

E[z? = f N(vlp.o®) 2" do=p° + &”

—0o0

var|z] = E[z%] — E[a]® = o*

5/17/2012
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The Multivariate Gaussian

1 1 1
NI, %) = 7z s oxn { =5 c— )T 0= ) )

.T:")“

 J

Gaussian Parameter Estimation

p(x) Likelihood function

N(zn|p, 02)

Tn T

plxlp,0®) = [[ N (znli. 0®)
=1

5/17/2012
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Maximum (Log) Likelihood

2 1 N ] ﬁ 2 ﬁ?
np (%, 0%) = —5 5 3 (@n — ) — 5 Ina® — - Inf2m)
n=1

1 1 p
ML = w g Tp Jf'“:m N E (%n *#ML}J

Y n=1

Properties of g, and oap,

Elpa] = p /\

N-—1 2 -
ol - () 7 ) /\

N N
R ”

Ly /\

= — .zix“ — i) il
N-14~ ©

5/17/2012
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Curve Fitting Re-visited

y(z,w) ,

y(wo, w) . IQ(T
p(t|$07 w, 16)

~ N (Hn(wg, w), 57"}

Tp xT

Maximum Likelihood

N
pltixw, 8) = [ N (taly(rn,w). 2 1)

n=1

8 N N
np(the,w.5) = = 5 ) (T W) — £} +5 0§ — - In(2m)
n=1

.~

A ()

Determine WuiL by minimizing sum-of-squares error, E(w}.

I —

1
Gur, N S {y(@n, W) — ta}”

n=1

5/17/2012
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Predictive Distribution

pltlz. wur, A} = N (tlylz, war), Gy )

MAP: A Step towards Bayes

| (M+1)/2
piwla) = N(w|0,a7'T) = (%) :

plw|x.t, o, 3) o plthe. w, @p(w|a)

N
BE(w) = 5 3 (ol w) = ta + S

wo | T

Determine Witar by minimizing regularized sum-of-squares error, E{w).

5/17/2012
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Bayesian Curve Fitting

plt|z,x,t) — f plt|x, wip(wlx, t) dw — N (t|m(z), s*(z))

N
m(z) = 8(x)" 8 Pla )t s (@) = 7" + p(x)" S{z)

n=1

N
S =al+8Y Plrd(m) Bl = (2"

=1

Bayesian Predictive Distribution

pltle,x. 1) = N (t|m(z), 5° (x))

0 1

5/17/2012
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Model Selection

Cross-Validation

L1 [ [ ]
[T [ ] e
[T T J s
[T T T rne
Curse of Dimensionality
I “
———t= = %,
D=1 D=2 D=3

5/17/2012
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Curse of Dimensionality

Polynomial curve fitting, P #2 #6

D o o
y{x, w) = wp + E wik; + Z z Wi Lekj +

=1 i=1 j=1 i

Mo

E Wik Tiki L
k=1

D
i=1

I
i

(5]

Gaussian Densities in
higher dimensions

Decision Theory

Inference step
Determine either p(tjx) or p(x, ).

Decision step
For given {, determine optimal w

21



Minimum Misclassification Rate

o T

P(ﬂincl)

p(x,C2)

"y Ra

plmistake) = p{xeR,Ce) +plxe Re.Cy)
_ / (. Ca) dx + f plx,C1) dx.
Ry Ha

Minimum Expected Loss

Example: classify medical images as ‘cancer’ or ‘normal’

Decision
cancer normal

£ cancer o 1000
2 normal 1 0

5/17/2012
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Minimum Expected Loss

EL)=3"% j; Fiip(x, Cr ) dx
E o g

Regions ®; are chosen to minimize

E[L] =} Liyp(Celx)
k

Reject Option

0.0

reject region

5/17/2012
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Why Separate Inference and Decision?

* Minimizing risk (loss matrix may change over time)
* Reject option

* Unbalanced class priors

* Combining models

Decision Theory for Regression

Inference step
Determine p(x.t}).

Decision step

For given {, make optimal
prediction, |+{ ,, for w

Loss function:  E[Z] —ffﬁ(t,g(x}}p(x,t) dxdt

5/17/2012
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The Squared Loss Function

BLE) — [f )~ 6 pt ) et

{y(x) —t}* = {y(x) — E[t]x] + E[t|x] —t}*

= {y(=x) - Effix]}* + 2{y(x) — Eft|x HE[|x] — t} + {Eft[x] £}

BiE) = [ {uix) — Eleiad)” o) ax-+ [ var i (o) dx

wix) = Et]x|

Generative vs Discriminative

Generative approach:
Model pit,x) = p(x|t)np(t)

Use Bayes’ theorem p(t/x) = p(x|E)p(i)

px)

Discriminative approach:
Model p{|x}directly

5/17/2012
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Entropy

Hlz] = — ) p(x) log, p()

Important quantity in
* coding theory
* statistical physics
* machine learning

Entropy

Coding theory: { discrete with 8 possible states; how many
bits to transmit the state of {?

All states equally likely

1 1 .
Hfz] = -8 x 8 log, g = 3 bits.

5/17/2012
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Entropy
z|la b ¢ d e f g h
i 1 1 1 i i i 1
e | 3 3§ T it} 7} o &
code | O 10 110 1110 7111100 111101 111110 111111
Ha] = —logys — ~log 1o logy — — — log,
T g g Ty gt 13‘}8215 5 -’-&4
= 2 hits
1 1 1 1 1
average code length = E:&14-E)c24-gux3-kig;(4+~4x gi)<ﬁ
= 2 bits
Entropy
In how many ways can Q identical objects be allocated P
ins?
bins? -
W=_—_—-
[1; !

;,Inﬁm—hm Z( ) (N)i Zp,,ln;},\

- 1
Entropy maximized when Vi : p; = 5
X

5/17/2012
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Entropy

0.5 0.5

H =177 H = 3.00

probabilities
=
W
probabilities
=
(2]
A

Differential Entropy

Put bins of width f along the real line

lim {—Zp{:ﬂg).&lnﬂxﬂ} = —[p{x}hw(x}dx

A—0 -
3

Differential entropy maximized (for fixed %) when

F{ﬁ:) = r’s“r{xlf{' Uz)

in which case

Hfz] = % {1+ In(27a”)} .

5/17/2012
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Conditional Entropy

Hly|x| = — f Py, x) Inp{y|x) dy dx

H[x,y] = Hlypx] + H[x]

The Kullback-Leibler Divergence

KL(plg) = — f () ln g(x) dx — (— f pl(x) In p{xc) dx)

Jeom{i)

KL(plla) = £ 3 {~Ina(xal) + Inp(xa)}
n=1

KL({plg) = 0 KL{p|q) # KL{g|lp)

5/17/2012
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Mutual Information

KL(p(x, ¥) || p(x)p(¥))

ffp{ )]n(p( )??'(.?)d dy

1 y] = Hix] — Hlx|y] = H[y] — Hly|=]

I[x, ¥]

30



