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Course Structure

L ectures.
Laboratory exercises.

*Assignments.

*Total Credits:1-2
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1.- Introduction.

 Signal Processing.
— Extract information from a signal.
— Time domain is not always the best choice.
— Frequency domain: Fourier Transform:

X(f) = Tx(t)e_jzmdt

—O0Q

— Easily implemented in computers: FFT.

v
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1.- Introduction. /

* Fourier Analysis.
— Can not provide simultaneously time and frequency
information: Time information is lost.

— Small changes in frequency domain cause changes everywhere in
the time domain.

— For stationary signals: the frequency content does not change in
time, i.e.:

x(t) X(f)
|

VVVVVVVVV ; Jo

»
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Author: David Cuesta Frau 9


Prof_Fei_Hu
Pencil


------

Introduction to Wavelets - bIJ -

1.- Introduction.

* Fourier Analysis. J

()] x(f)

Basis Functions are set: sinusoids.
Many coefficients needed to describe an “edge” or discontinuity.

If the signal is a sinusoid, it is better localized in the frequency
domain.

If the signal is a square pulse, it is better localized in the time

domain.

v

t f

Short Time Fourier Transform. -
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1.- Introduction.
« Short Time Fourier Analysis. W/

— Time-Frequency Analysis.
— Windowed Fourier Transform (STFT).

o~ e
VAV ViV
AVAVAVAVAVAVAVAVAY I Rl I i

FT Basis Functions STFT Basis Functions
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1.- Introduction.
« Short Time Fourier Analysis. \/

STFT(¢,,w,) If —t, )sin(aw,t )dt

— Discrete version very difficult to find.
— No fast transform.

— Fixed window size (fixed resolution):
« Large windows for low frequencies.
« Small windows for high frequencies.

— Wavelet Transform.

Author: David Cuesta Frau 12
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Introduction to Wavelets

1.- Introduction.

 Wavelet Transform. \/
— Small wave.

— Energy concentrated in time: analysis of non-
stationary, transient or time-varying phenomena.

— Allows simultaneous time and frequency analysis.

| T
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1.- Introduction.

« Wavelet Transform.
— Fourier: localized in frequency but not in time.

— Wavelet:

* local in both frequency/scale (via dilations) and in time
(via translations).

« Many functions are represented in a more compact way.
For example: functions with discontinuities and/or sharp
spikes.

— Fourier transform: O(nlog,(n)).
— Wavelet transform: O(n).

\/
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1.- Introduction.

« Wavelet Transform.

WT<a,b>=Jf<r>u(

2 N\

A\
— W

—)

v

t_bjdt
[4)

N~
\/\/
N

WT Basis Functions

STFT Basis Functions
: David Cuesta Frau
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2.- Definitions.

Index

Author: David Cuesta Frau
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Introduction to Wavelets

2.- Definitions. %

 Mathematical Background.

— Topic of pure mathematics, but great applicability
in many fields.

— Linear decomposition of a function:
f(t): ZCM(’«‘)
i = Integer index for tllle finite or infinite sum
c; = Expansion Coefficients
w,(t) = Expansion Set
— Decomposition Unique:

{w,(¢)} = Basis for £(¢)

Author: David Cuesta Frau
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2.- Definitions. %

 Mathematical Background.
— Basis orthogonal'

o m e =0,k %1

jy/k w, ()t =1,k =1
— Then the coefficients can be calculated by :

Cr :<f(t)>Wk(t)> :If(t)lﬂk(t)dt

— Since:

i=k

(7w = [ Bew )] wilr=c

18
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Introduction to Wavelets

Generator system
in R3

2.- Definitions.

« Mathematical Background.
— Linear decomposition of a vector:

a=(3-21)

v

a =3(1,0,0)-2(0,1,0) +1(0,0,1)

{(1,0,0),(0,1,0),(0,0,1)}

Independent
Orthogonal

Normal

Coordinates
in R3

=

Basis in R3

19
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Introduction to Wavelets

2.- Definitions.

« Mathematical Background.

If W, )y, () = [w, e, (t)dt = 0,where m # n
7 (t)}E Orthogonal Basis for f (z‘)

C; = <f(t)’Wi(t)> = Jf(t)wi(t)
Otherwise :
{Wi (t), /8 (t)} = Biorthogonal Basis for f (t)

¢ = (O, () ft)= Zew: )

20
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2.- Definitions. -

« Mathematical Background.
— Example of linear decomposition of a function:

, wl(t),
() ,
2 | Jwalew, e)de =6,
1 1 ¢

pO=vl-i) | @)= v, e =1

Author: David Cuesta Frau 21
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Introduction to Wavelets

2.- Definitions. -

« Mathematical Background.
— Example of linear decomposition of a function:

7o) £)=yle)+2u(—1)-plr-2)
2
| co =1
cp =2
1 3 ; c, =—1
-1 c; =0, otherwise

Author: David Cuesta Frau
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Introduction to Wavelets

2.- Definitions.

 Example:

* Four dimensional space (four non-null coefficients).
Synthesis Formula:

f(f):ZCi%(f)

F0)]  [we)]  [wO)]  [w:0)] [ws0)
f(l) _ Wo(l) Lo Wl(l) iy Wz(l) Lo %(l)
f(2) ’ ¥ (2) 1 Wi (2) ’ W, (2) ’ Vs (2)

B [weB)] wB)] B [wB)
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Introduction to Wavelets

2.- Definitions.

 Example:

I =wyc

24
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Introduction to Wavelets

2.- Definitions.
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Introduction to Wavelets

2.- Definitions.

 Example:
~ T
c=y |
=yt =y
f = YC - Dual Basis

If T columns are orthonormal:

yy' =1 f=yy'f §' =y’

Single Basis

Author: David Cuesta Frau 26
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Index

3.- Multiresolution Analysis.

Author: David Cuesta Frau
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3.- Multiresolution Analysis.

* Problem definition:
Time scale change.

(2t

2 Y wlt),

1 < ° 1
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Introduction to Wavelets E b IJ

3.- Multiresolution Analysis.
Yo

 Multiresolution Formulation.

Rationale: if a set of signals can be represented by a
weighted sum of ¢(t-k), a larger set (including the original),
can be represented by a weighted sum of ¢(2t-k).

Signal analysis at different frequencies with different
resolutions.

Good time resolution and poor frequency resolution at high
frequencies.

Good frequency resolution and poor time resolution at low
frequencies.

Used to define and construct orthonormal wavelet basis for
L.

Two functions needed: the Wavelet and a scaling function.

Author: David Cuesta Frau 29
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Introduction to Wavelets

3.- Multiresolution Analysis.

v

* Multiresolution Formulation.
— Effect of changing the scale. Scaling function: (p(t)
— To decompose a signal into finer and finer details.

fle)e L2
Subspace : v, = spani{p, (t)} c L

f(f):%ck(ﬂk(f)

k
vf(t)e vy

— Increase the size of the subspace changing the

time scale of the scaling functions:

pal)=2" o271 k)

Author: David Cuesta Frau
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Introduction to Wavelets

3.- Multiresolution Analysis.

 Multiresolution Formulation.

Subspace : v; = Span{(ak (2jt)}= Span{gajk (t)}c L

fle)= %ckw(zjt +k) vf(t)e v,

— The spanned spaces are nested:
.CV_,CV_ CVy, CV, CV, c..cl’?

flt)e Vi < fl2t)e Vi
()= %h(nwgo(%—n),ne Z
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UloUT:
3.- Multiresolution Analysis.

 Multiresolution Formulation.

— Example: Haar Scaling Function. 1(0) =

o(t)= p(2t)+ (20 -1)

olt)

o(2t) (2t-1)

32
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Introduction to Wavelets

3.- Multiresolution Analysis.

 Multiresolution Formulation.

— Increasing j, the size of the subspace spanned by
the scaling function, is also increased.

— Wavelets span the differences between spaces
w . More suitable to describe signals.

— Wavelets and scaling functions should be
orthogonal: simple calculation of coefficients.

Vl =VO @WO

V2 =V0 @Wo@wl

I=v,®@w,®w, D...

Author: David Cuesta Frau 3 3
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3.- Multiresolution Analysis.

 Multiresolution Formulation.

)= Shln) 20021 1), ne X

Mother Wavelet

v ()=2 pl2 - k)/

oln|= ;h[l]ﬁco[Zn ez,

Scale Function

Author: David Cuesta Frau
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3.- Multiresolution Analysis.

 Multiresolution Formulation.

h(n) = scaling function coefficients

()= (=1)" h(1-n)

ﬁ = accounts for norm =1

)= TalFa= fetFa

g(2t) = J | glat) ar J }g(%) = ﬁg(u)z dzu = %g(fﬂ

Author: David Cuesta Frau 3 5
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3.- Multiresolution Analysis.

 Multiresolution Formulation.

— Example: Haar Wavelet (the oldest and simplest!).

36
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3.- Multiresolution Analysis.

 Multiresolution Formulation.

— Haar Wavelet and Scaling Function:
1reo,4] ple)=1,e (0]
SLeell wal)=27ple-4)

Wir i€ Z ke Z}\
L

w(t)=1

Orthonormal basis of L

{qﬁjok,wj'kajzjo,ke Z

Author: David Cuesta Frau 3 7



Introduction to Wavelets

3.- Multiresolution Analysis.

 Multiresolution Formulation.

)= Yoo @)+ Y Y

D...

djkl:”jk(t)

Scale Function

Wavelet

Approximation

Details

Author: David Cuesta Frau
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Index

4 .- Discrete Wavelet Transform.

Author: David Cuesta Frau
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Introduction to Wavelets

4 .- Discrete Wavelet Transform.
 Wavelet Transform: \/

 Building blocks to represent a signal.
 Two dimensional expansion. Wavelet set:

c = Discrete Wavelet Transform of f/(¢)

* Time-Frequency localization of the signal.
« The calculation of the coefficients can be done
efficiently.

Author: David Cuesta Frau

40
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Introduction to Wavelets

4 .- Discrete Wavelet Transform.

« Wavelet Transform: VT

 Wavelet Systems are generated from a mother
Wavelet by scaling and translation.

W (t) = 2_2jw(2_jt—k) , ke Z

* Multiresolution conditions satisfied.

 Filter bank: the lower resolution coefficients can
be calculated from the higher resolution
coefficients by a tree-structured algorithm.

Author: David Cuesta Frau 41
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AN Introduction to Wavelets

4 .- Discrete Wavelet Transform.

« Wavelet Transform:

« The effect of the Wavelet Transform is a
convolution to measure the similarity between a
translated and scaled version of the Wavelet and
the signal under analysis.

Signal Signal Sgnal

Wavelet Wavelet |::> Wavelet

Clabi=0.0102 Clab)=02247

Author: David Cuesta Frau 42
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Introduction to Wavelets

4 .- Discrete Wavelet Transform.

v
 Wavelet Transform:
« Wavelet Transform representation: Time-Scale

Plane:
ol 11111

43
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Introduction to Wavelets

« Wavelet Transform:

Scale

_

Signal Time-Scale Plane t

Author: David Cuesta Frau 44
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4 .- Discrete Wavelet Transform
u u
« Some Mother Wavelets: \/
I \' :
Haar Wavelet Haar Wavelet Haar Wavelet
Pelin) Psift) Pifi)
a0} 0F 0T
15T 2 3T
20 07 20T
15 13 151
Lo 10 1T
0.5 -—‘ 0.5 [ Jast
P 5 i B u,, 0 L e "y o 20 ' Y] i " A I T PR P P l L_’ hoh d 4 s
0% 05 4
1n 0T 1
LT 137 5T
20+ 10 207
25T 157 =15
50 304 in
Morlet Wavelet Mexican Hat Wavelet
Psi(ty Psi(t)
10 sod
25+
075
207
15T

A

' ' ' ' ' L L L ¢ ' ' ' '
+ t + + t + t t + t + t +
-80 70 -60 -50 40 -3 20 A0 1WD/_4D 50 60 7.0

05T
-0
-LsT
-20T

SA5T

S30T

t
80

Compact Support

Author: David Cuesta Frau
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Introduction to Wavelets

4 .- Discrete Wavelet Transform.

 Effect of choosing different Mother Wavelets:

The Wavelet transform in essence performs a
correlation analysis, therefore the output is expected
to be maximal when the input signal most resembles
the mother wavelet.

Depending on the application, mother wavelet should
be as similar as possible to the signal or to the signal
portion under analysis. For example, the Mexican Hat
Wavelet is the optimal detector to find a Gaussian.

Author: David Cuesta Frau 46
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Introduction to Wavelets

4 .- Discrete Wavelet Transform.

» Effect of choosing different Mother Wavelets:

x(¢)] / ’_I_rrrrr

"

()
)A

Adaptive Approach.

ANy

-/

t#

N\

Author: David Cuesta Frau
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Introduction to Wavelets

4.-

Discrete Wavelet Transform.

« Wavelet Transform Calculation: \/

1.

Choose a mother wavelet.

2. Given two values of j and £ calculate the coefficient

4.

according to:

WI(r()=cp = 1100

vil)= w[t_kj
k\") = :
J ﬁ ]
Translate the Wavelet and repeat step 2 until the whole

signal is analyzed.
Scale the Wavelet and repeat steps 2 and 3.

Author: David Cuesta Frau 4 8
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* Discrete Wavelet Transform Calculation:
 Follow steps 1-4 defined previously.
« Change the expressions:

DWT =y =3 flaly b

ij[n]: ZyW[z_j”_k]

DWT™ = flnl= X ¥ cpwyln]
jeN ke N

.- Discrete Wavelet Transformw.

49
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- Discrete Wavelet Transform.

* Discrete Wavelet Transform Calculation:
* Using Multiresolution Analysis:

DWT(fn)=-

e = oyl = S slnlln]
= bl = 3 1l b

wln] = 2 7} 2¢

Al

:2n—l],IEZ

(=1 rl1-1

oln|= Zl:h[lM¢[2n ~lliez

50


Fei Hu
Rectangle


o
|=ﬁ§m*ﬂ
S Introduction to Wavelets

- Discrete Wavelet Transform.

* Discrete Wavelet Transform Calculation:
* Using Multiresolution Analysis:

DWT™ = IDWT = fln|= Ye,pilnl+ X 3 dywyln]
fr=—o0 j=0k=—c0

DWI™ =IDWT = fln]= ¥ ¢, 0, n]+ ¥ P2 d v I
k=—co J=Jo k==

Dyadic grid:
j=0 = k=0.24,.

j=1= k=048,...

Author: David Cuesta Frau 5 1
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4 .- Discrete Wavelet Transform.

 Discrete Wavelet Transform Calculation:
« Example:

fln]=1{111,2,3,2,1,11}

* Haar Scaling Function:

Aw(t) Aw[n: = 5[14] + 5[14 — 1]
1 |

>

Author: David Cuesta Frau
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4 .- Discrete Wavelet Transform.

 Discrete Wavelet Transform Calculation:
« Haar Wavelet:

Mo):é wln|= gl2n]- p2n-1]
=" gl "
m(0)= o Ly 1
N5
2 —>
h (1) = ﬁ n n
-1

53
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Introduction to Wavelets

4 Discrete

Wavelet Transform.

 Discrete Wavelet Transform Calculation:

DWT(fn)) =

fln

wn]

For j =0,k =0,24,6
doy = f— ](5[”
do, = f ”](

oy = fﬂ

= (fln} o ln) = >/ [nlp ]
dy = fInlwyln]) =X flnly i ln]
|={i11,232,11)
Sln|-8ln-1]

<

|-6ln-1)) = flo]- rl1]=0
—-2|-8ln-3))= 12| 113]=

fl5l=3-2=1

fl7l=1-1=0

—1

d06 f6

54
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4 .- Discrete Wavelet Transform.

 Discrete Wavelet Transform Calculation:
fln]={111,2,32,11}
oln|= Sln]+ sln-1]

For j =0,k =0,24,6

(\®)

_I_
N N
SN I

]

I

&
|l
~
A/E_\‘A
3
N
-+
=
o e
|l
~ N
~
-+
~
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4 .- Discrete Wavelet Transform.

 Discrete Wavelet Transform Calculation:
flnll 0

56
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4 .- Discrete Wavelet Transform.

 Discrete Wavelet Transform Calculation:
l//[{i] w i ln] = ZEJW[2_j” - k] “l//[g]

14 1] ‘

l n' n;
_1 .............................. —1 v v

For j=1,k=04
dio = fln)élnl+6ln—1]-6ln—2]-6ln-3)) =

]
Alol+ i]= rl2]-/B3l=1+1-1-2=-1
diy = [](5[n 4]+ 8ln—35|-8ln- ]—5[11—7]):
f14]+ 115 rl6l- 7] =3+2-1-1=3

Author: David Cuesta Frau 5 7
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4 .- Discrete Wavelet Transform.

 Discrete Wavelet Transform Calculation:

ol oulal=27 g nk| gl

|B L]

1 n 1 2 3 =

For j=1,k=04

¢io = flnldln]+dln-1]+dln-2]+8ln-3) =1+1+1+2=5
Cly = [n](5[n ]+§[n—5]+5[n—6]+5[n—7]):3+2+1+1:7

Author: David Cuesta Frau 5 8



Introduction to Wavelets

4 .- Discrete Wavelet Transform.

 Discrete Wavelet Transform Calculation:

Complete Decomposition (without factor 2_2j):

1 1 112 ]3| 2 |1 1
2 13151 2(0]-1(1]0
5| 7113|011 1]0
1212130110

Author: David Cuesta Frau

59



o
|=ﬁ§m*ﬂ
S Introduction to Wavelets

- Discrete Wavelet Transform.

 Discrete Wavelet Transform Calculation:

Reconstruction:
f[n]: > CjOkCUJOk[n]JF 2 2 djkV/jk[”]
k=—o0 J=Jo k=—e0

f[n]= ZCOk(POk[’”’]JF ZdOkWOk[n]=

k=0,2,4,6 k=0,2,4,6
(2,2,33,5,5,2,2) + (0,0—11,1,-1,0,0) =
(2,2,2,4,6,42.2)= 2 f|n]

From level j=0: /ﬁj} @
s

Author: David Cuesta Frau 60
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Introduction to Wavelets

- Discrete Wavelet Transform.

 Discrete Wavelet Transform Calculation:

Wavelet

0 1 2 3 4 5
Haar 1.0 1.0
Daubechies-4
Li+43)| 13+43)| 1 6-+3)] 1(1-+3)
Daubechies-6 | 0.332671 | 0.806891 | 0.459877 | -0.135011 | -0.085441 | 0.035226

Order of the Wavelet: number of nonzero coefficients.

Value of wavelet coefficients 1s determined by constraints of
orthogonality and normalization.

Author: David Cuesta Frau
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- Discrete Wavelet Transform.

 Discrete Wavelet Transform Calculation:

« Calculation to be implemented in a
computer.

* |s there any method, such as FFT, for DWT
efficient calculation?

Pyramid Algorithm

» Basic Ildea: DWT (direct and inverse) can
be thought of as a filtering process.

Author: David Cuesta Frau 6 2
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Introduction to Wavelets

4 .- Discrete Wavelet Transform.
* Pyramid Algorithm: v/

Fittering: f1n]# Aln]= S rlkWln - k]

f=—o0

(Ck - <f [nl(/’k [n]> =2/ [n]Cﬁk [n] S;gnrlla: ()I\S/Vg;l:?icllt:rough a halt

_ _ Signal is passed through a half:
d. = . = .
jk <f[nl%k [”l]> Zn:f[n]%k[”] band higl filter

DWT(fln])=-

Sampling Frequency: 27z

Bandwidth: 7

Author: David Cuesta Frau
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Introduction to Wavelets

4 .- Discrete Wavelet Transform.

 Pyramid Algorithm: v

« After filtering, half of the samples can be
eliminated: subsample the signal by two.

« Subsampling: Scale is doubled.
* Filtering: Resolution is halved.

 Decomposition is obtained by successive
highpass and lowpass filtering.

Y high [”] = if[k]g[Zn —k]

f=—o0

Voultl= 3 flkdi2n - k]

fe=—o0

Author: David Cuesta Frau 64


Fei Hu
Rectangle

Prof_Fei_Hu
Pencil


)
\

e L Introduction to Wavelets

4 .- Discrete Wavelet Transfor&n.

* Pyramid Algorithm:
* Filters # and g are not independent.
« Relation between filters:

g|lL-1-n|=(=1)"hln] (L =filter length)
Quadrature Mirror Filters.

« Signal length must be a power of 2 (due to
downsampling by 2).

 Maximum decomposition level depends on signal
length.

Author: David Cuesta Frau 6 5
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Introduction to Wavelets

4 .- Discrete Wavelet Transform.

* Pyramid Algorithm:

fn]

]

g\n

Details
Level 1

h

n)

n

| S

Details .
Level 2

T

Approximation
Level 1

®_—

h

n)

n

©

Approximation
Level 2

M

M

Author: David Cuesta Frau

66


Prof_Fei_Hu
Pencil


Introduction to Wavelets

4 .- Discrete Wavelet Transform.

* Pyramid Algorithm: . _ S klelon &

Operators notation. =
Hf = Y flkll2n -]
k=—oo
f
-l-""_—_-.-"'—"--
Hf GF
—
HHF GHY
-

HHHHT

HHHT| |GHHf
;! —T— GHHHf

Vo

v

Author: David Cuesta Frau
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4 .- Discrete Wavelet Transform.
* Pyramid Algorithm:

x|Q]

NG
NN

68
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4 .- Discrete Wavelet Transform.

. Pyramid Algorithm:ﬁw
fln
4 v

| - dl
Vw‘

Approximation

i n)
/ Level 1
Details
=w<

Level 1
gln] hin|
Details f f
Level 2

Author: David Cuesta Frau
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5.- Applications in Signal Processing.
5.1.- Denaoising.

Author: David Cuesta Frau
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5.1.- Denoising.

* Finite Length Signal with Additive Noise:

y[n]:xn]+0'r[n],0SnSN—l

f ~

Noise : {n]~ N(0,1)

Observations of X + noise

Signal " Standard
Deviation
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5.1.- Denoising.

In the Transformation Domain:
Y=X+0R

where: Y =wy (W transform matrix).

X estimate of X from Y
Diagonal linear projection:

A = diag(8,,8,,....,0x_1 ), 5; € |0,1]

Estimate: =W "' X =W 'AY =W 'AWy

Author: David Cuesta Frau
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5.1.- Denoising.

General Method:

1) Compute Y =Wy

2) Perform Thresholding in the Wavelet
Domain.

3) Compute £=w"'%

Questions:
Which Thresholding Method?
Which Threshold?

Author: David Cuesta Frau 7 3
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5.1.- Denoising.

Thresholding Method (Diagonal Linear Projection):
1 Qriginal signal 1HElr'E| thresh olded signal 1Ec:ft threshoded signal
0.5} 1 0.5¢ 1 o5t
0 Qr 0
027 1 -0.5¢ 1 -0.5]
= 0 ;T 0 ;o 0 1

Author: David Cuesta Frau 7 4
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5.1.- Denoising.
Threshold:

Stein’s Unbiased Risk Estimate (SURE).

Donoho: n.Sample size
A=0+2log(n
20 o.noise scale

Minimax
Adaptive: based on singular or smooth regions
(in practice, heuristic indep. of sample size)

Author: David Cuesta Frau
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5.1.- Denoising.

Practical considerations:

« Signal normalization to avoid amplitude influence over
the process.

 Noise can vary along the signal: windowed threshold.

Author: David Cuesta Frau
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5.1.- Denoising.

iDenoise Demo iy ] A
File ‘Wavelet Signal Help

Wavelet |Daubechies 8 Signal: | Skyline Threshald: |0.0025 hoise Yariance: |0.0010

Pick a Threshold walue Reconstruction

0.0592

Zoom In Zoam Out |

Soft Thresholding =] | ||Display Time Domain Signals |

Data URL: | Clear

Java Applet 'Window

http://www-dsp.rice.edu/edu/wavelet/denoise.html

Author: David Cuesta Frau 77
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5.2.- Abrupt Change Detection.

Author: David Cuesta Frau
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5.2.- Abrupt Change Detection.

 Low level details
contain information of
high frequency
components.

« Small support wavelets
are Dbetter suited to
detect such changes.

 Noise makes it difficult.

 Application: QRS
complex detection.

Author: David Cuesta Frau 79
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5.3.- Long-Term Evolution.

Author: David Cuesta Frau
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5.3.- Long-Term Evolution.

 Foundations:

— Slow changes which take place in the signal, i.e.,
low frequency variations.

— In the time domain: Wavelet transform has high
resolution in time at low frequencies.

— In the frequency domain: the higher the
approximation level, the narrower the low pass
filter is.

— Problem: depending on the baseline(trend)
frequency, the approximation level may change.

— The baseline is considered as additive ‘noise’.

Author: David Cuesta Frau 8 1
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5.3.- Long-Term Evolution.

* Finite Length Signal with baseline variation:

y[n]z x[n]+b[n],0 <ns<N-1

AN

Observations of x + baseline Baseline

Signal




Introduction to Wavelets

5.3.- Long-Term Evolution.

 With the Wavelet Approximation of certain
level, we estimate the baseline.

* |t can be used as extra information about the
signal or to reduce the baseline oscillation.

Author: David Cuesta Frau
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5.3.- Long-Term Evolution.

* Application:

wandering reduction.

Electrocardiogram

-----

-160
-180 ﬂw

WW“WWWWWWW

i,

Y

16
x 10

baseline

Author: David Cuesta Frau
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5.4.- Compression.

Index

Author: David Cuesta Frau
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5.4.- Compression.
 Methods: M

— Quantization in the Wavelet domain. The set of
possible coefficients values is reduced:

Cj

Author: David Cuesta Frau 8 6
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5.4.- Compression.

 Methods: /

— Discard those coefficients considered
‘insignificant’: Threshold.

— Basis choice is very important.

A

Coefficients Histogram:

Author: David Cuesta Frau 8 7
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5.4.- Compression.

* Application: ECG compression.

v/

Author: David Cuesta Frau
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Index

6.- The Matlab Wavelet Toolbox.

Author: David Cuesta Frau
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6.- The Matlab Wavelet Toolbox.

Matlab: GUI (type wavenmenu).

<) Wavelet Toolbox Main Menu

File Window Help

One-Dimensional

Wavelet 1-D

Wavelet Packet 1-D

Continuous Wavelet 1-D

Complex Continuous Wavelet 1-D

Two-Dimensional

Wavelet 2-D

Wavelet Packet 2-D

Display

‘Wavelet Display

Wavelet Packet Display

Close

Specialized Tools 1-D

SWT De-noizing 1-D

=15 %]

Density Estimation 1-D

Reagression Estimation 1-D

Wavelet Coefficients Selection 1-D

Specialized Tools 2-D

SWT De-noising 2-D

‘Wavelet Coefficients Selection 2-D

Signal Extension

Image Extension

Author: David Cuesta Frau
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6.- The Matlab Wavelet Toolbox.

Matlab: Command Line.

<) MATLAB ME
File Edit “iew “Web “indow Help

0O B’“| o B o oo | H | ? |Currem Directory: | CMATLABERT

4\ MATLAR
ﬂ[ﬁnntrnl System Toolhox
ﬂDat,a Accuisition Toolbox
ﬂDatabase Toolbox
ﬂDatafeed Toolbox

To get started, select "MATLAB Help"™ from the Help menu.

»> help wavedec

WAVEDEC Multi-lewel 1-D wawelet decomposition.

WAVEDEC performs a multilewel 1-D wawvelet analysis
ﬂFiltEI Design Toolbox uging either a specific wavelet 'wname' or a specific set
ﬂFuzzy Logic Toolhox of wavelet decomposition filters (see WFILTERS).

o\ GARCH Toolbox [C,L] = UAVEDEC (XN, 'wname') returns the vavelet
ﬂlmaga Procegaing Toolbox decomposition of the sigmal X at level N, using 'vname'.
ﬂlnstrument. Control Toolbox

ﬂLMI Control Toolbox

N must be a strictly positive integer (see WIAXLEV).
The output decomposition structure contains the wavelet
QMTLAB Conpiler decouposition wector C and the bookkeeping wector L.
QM.ATLAB Report Generator

. For [C,L] = WAVEDEC(¥,N,Lo_D,Hi_D},
& - = =
+ ‘:‘MTLAB RUmEEnERS e rar —I Lo D is the decomposition low-pass filter and

{I }[ Launch Pad | Workspace | Hi D is the decomposition high-pass filter.

The structure iz organized as:

[5-- z:0z ®m 8/05/02 - | c = [app. coef. (N} |det. coef.(N}|... |det. coef.({l}]
Ll = length of app. coef. (N)

Lii) = length of det. coef. (N-i+2) for 1 = Z,..., N+l
L{H+2) = lengthiX).

help wavedec

Gee also DWT, WAVEINFO, WFILTERS, WMAKLEV.

Fx

1|>[ Command Histary | Current Directary 1 [ [
Ready

Author: David Cuesta Frau 9 1
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6.- The Matlab Wavelet Toolbox.
Functions: \/

DWT: Single-level 1-D wavelet decomposition.
[ CA CDl = DWM( X, ' wnane');

Detalil
Coefficients

Approximation Signal

Coefficients

Example:
X<[111000111000111 13;
[CA, CDl = DWM( X, ‘ haar');

CA = 1.4142 0.7071 O 1.4142 0.7071 O 1.4142
1.4142
cb=0 0.7072 O 0 0.7071 O 0 0

Author: David Cuesta Frau 92
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6.- The Matlab Wavelet Toolbox.

Functions:
IDWT: Single-level 1-D wavelet reconstruction. /
X = IDWM(CA CD ' wnane');

WAVEINFO: Provides information about the wavelets in the
toolbox.

WAVEI NFQ( * wnane' ) ;

DWTMODE: Sets extension mode to handle border distortion.
DWIMCDE( ‘ st at us' ) ;

sym zpd, sp0, spl, ppd

Author: David Cuesta Frau 93
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6.- The Matlab Wavelet Toolbox.

Functions:

WAVEDEC: Multiple-level 1-D wavelet decomposition.
[ C, L] = WAVEDEC( X, N, ' wnane')

APPCOEF: Extracts 1-D approximation coefficients.
A = APPCCEF(C, L, "' wnane', N)

DETCOEF: Extracts 1-D detail coefficients.
D = DETCOEF(C, L, N)

Author: David Cuesta Frau 94
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6.- The Matlab Wavelet Toolbox.

Functions:

WRCOEF: Reconstructs single branch from 1-D coefficients.

X = WRCCEF('type',C, L, wnane', N) /

WDEN: Automatic 1-D denoising using wavelets.
[ XD, CXD, LXD] = WVDEN( X, TPTR, SORH, SCAL, N, ' whane' )

Mother
Wavelet

'Irhrte_:sholdl _ Threshold
ser: iec I!OSnurt:uee. rescaling
Denoised Noisy signal g one Decomposition
: heur sur e
signal sl n Level

sqt wol og

Soft ‘s’ or hard
‘h’ thresholding

m n

Author: David Cuesta Frau 95
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6 The Matlab Wavelet Toolbox.

Example:
Denoising an ECG signal using Wavelets (WaveletExample).

Clean and denoiged signal

P>
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/.- Other Topics.

Index

Author: David Cuesta Frau
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[ .- Other Topics.

Wavelet Packets.

[
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Introduction to Wavelets

[ .- Other Topics.

2D Wavelet Transform.

Application to bidimensional signals: images. Noise reduction,
compression, etc.

Image is considered a matrix: Wavelet transform is applied on rows
and columns.

Author: David Cuesta Frau
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[ .- Other Topics.

Computer Graphics.

Image illumination computation.
Figure animation.
Surface modelling.
Image compression.
Image query.

Etc.

Scaling up wavelet coeffs. Attenuating wavelet coeffs.

Author: David Cuesta Frau 1 OO
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[ .- Other Topics.

Self-Similarity Detection(Fractals).

Author: David Cuesta Frau 1 0 1
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[ .- Other Topics.

Feature Extraction.

Slnleyln] =3 rlnley n]

DWT(fln]) dy = flnlw ] i 2 /lnbysln]

Approximation of the input signal

flal={rlo) Al fIN =11 = ¢, (e, << V)
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[ .- Other Topics.

Applications in electrocardiology:

« ECG Compression.

« ECG Pattern Recognition: detection and classification
of ECG waves, discriminating normal and abnormal
cardiac patterns.

« ST segment analysis. Change detection.

« Heart rate variability: ECG is assumed to be
nonstationary.

 High resolution electrocardiography: detection of late
potentials.

Author: David Cuesta Frau 1 03
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8.- Summary.

Index

Author: David Cuesta Frau
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8.- Summary.

Fourier transform is not suitable to obtain time and frequency
information: Wavelet Transform.

Multiresolution analysis. It is possible to change time and scale.

Discrete Wavelet Transform. Pyramidal Algorithm: Efficient
algorithm to calculate the Wavelet Transform in a computer.

Applications in signal processing: noise reduction, long-term
evolution, compression, abrupt changes.

Very important to the analysis of biological signals since most of
the statistical characteristics of such signals are nonstationary-

Matlab Wavelet Toolbox: definitions and functions to work with
Wavelets.

Many other topics: Wavelet packets, Computer graphics, etc.

Author: David Cuesta Frau 1 05
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Laboratory Exercises

*Assignments
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